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. We introduce a new type of closure operator on the set of relations, max-implementation, and its weaker 

"q \ analog max-quantification. Then we show that approximation preserving reductions between counting 

. constraint satisfaction problems (#CSPs) are preserved by these two types of closure operators. Together 

with some previous results this means that the approximation complexity of counting CSPs is deter- 
mined by partial clones of relations that additionally closed under these new types of closure operators. 
Galois correspondence of various kind have proved to be quite helpful in the study of the complexity 
of the CSP. While we were unable to identify a Galois correspondence for partial clones closed under 
I max-implementation and max-quantification, we obtain such results for slightly different type of closure 

I 1 . operators, /c-existential quantification. This type of quantifiers are known as counting quantifiers in model 

I theory, and often used to enhance first order logic languages. We characterize partial clones of relations 

O ■ closed under fc-existential quantification as sets of relations invariant under a set of partial functions that 

satisfy the condition of fc-subset surjectivity. Finally, we give a description of Boolean max-co-clones, 
that is, sets of relations on {0, 1} closed under max-implementations. 

^ ■ This is an extended version of fT2l. 
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1 INTRODUCTION 



Clones of functions and clones of relations in their various incarnations have proved to be an immensely powerful 
tool in the study of the complexity of different versions of the Constraint Satisfaction Problem (CSP, for short). In 
■ a CSP the aim is to find an assignment of values to a given set of variables, subject to constraints on the values that 

can be assigned simultaneously to certain specified subsets of variables. A CSP can also be expressed as the problem 
of deciding whether a given conjunctive formula has a model. In the counting version of the CSP the goal is to find 
the number of satisfying assignments, and in the quantified version we need to verify if a first order sentence, whose 
quantifier-free part is conjunctive, is true in a given model. 

The general CSP is NP-complete f2E\. However, many practical and theoretical problems can be expressed in 
terms of CSPs using constraints of a certain restricted form. One of the most widely used way to restrict a constraint 
satisfaction problem is to specify the set of allowed constraints, which is usually a collection of relations on a finite set. 
The key result is that this set of relations can usually be assumed to be a co-clone of a certain kind. More precisely, 
a generic statement asserts that if a relation R belongs to the co-clone generated by a set F of relations then the CSP 
over F U {R} is polynomial time reducible to the CSP over F. Then we can use the appropriate Galois connection to 
transfer the question about sets of relations to a question about certain classes of functions. 
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For the classical decision CSP such a result was obtained by Jeavons et al. Il25l . who proved that intersection 
of relations (that is, conjunction of the corresponding predicates) and projections (that is, existential quantification) 
give rise to polynomial time reducibility of CSPs. Therefore in the study of the complexity of the CSP it suffices 
to focus on co-clones. Using the result of Geiger II2TI or the one of Bodnarchuk et al. |3| one can instead consider 
clones of functions. A similar result is true for the counting CSP as shown by Bulatov and Dalmau |9|. In the case of 
quantified CSP, Borner et al. proved f4| that conjunction, existential quantification, and also universal quantification 
give rise to a polynomial time reduction between quantified problems. The appropriate class of functions is then the 
class of surjective functions. Along with the usual counting CSP, a version, in which one is required to approximate 
the number of solutions, has also been considered. The standard polynomial time reduction between problems is not 
suitable for approximation complexity. In this case, therefore, another type of reductions, approximation preserving, 
or, AP-reductions, is used. The first author proved in [8J that conjunction of predicates gives rise to an AP-reduction 
between approximation counting CSPs. By the Galois connection established by Fleischner and Rosenberg ll20l . the 
approximation complexity of a counting CSP is a property of a clone of partial functions. 

In most cases establishing the connection between clones of functions and reductions between CSPs has led to a 
major success in the study of the CSP. For the decision problem, a number of very strong results have been proved 
using methods of universal algebra ifTOl l5l l6l l2l |231 . For the exact counting CSP a complete complexity classification 
of such problems has been obtained fl]. Substantial progress has been also made in the case of quantified CSP 1 13 1. 

Compared to the results cited above the progress made in the approximation counting CSP is modest. Perhaps, one 
reason for this is that clones of partial functions are much less studied, and much more diverse than clones of total 
functions. In this paper we attempt to overcome to some extent the difficulties arising from this weakness of partial 
clones. 

In the first part of the paper we introduce new types of quantification and show that such quantifications, we call 
them max-implementation and max-quantification, give rise to AP-reductions between approximation counting CSPs. 
Intuitively, applying the max-quantifier to a relation R{xi, . . . , x„, y) results in the relation 3l^^^yR{xi, . . . ,Xn,y) 
that contains those tuples (ai, . . . , a„) that have a maximal number of extensions (ai, . . . , a„, 6) such that R{ai, . . . ,an,b) 
is satisfied. Max-implementation, Elmax, is a similar construction, but applied to a group of variables. Sets of relations 
closed with respect this new type of quantification will be called max-co-clones. Thus we strengthen the closure oper- 
ator on sets of relation hoping that the sets of functions corresponding to the new type of Galois connection are easier 
to study. We were unable, however, to describe a Galois connection for sets closed under max-implementation and 
max-quantification. Instead, we consider a somewhat close type of quantifiers, fc-existential quantifiers. Quantifiers of 
this type are known as counting quantifiers in model theory, and often used to enhance first order logic languages (see, 
e.g. (T6 \). Counting quantifiers are similar to max-existential quantifiers, although do not capture them completely. 
We call sets of relations closed under conjunctions and fc-existential quantification fc-existential co-clones. On the 
functional side, an n-ary (partial) function on a set D is said to be fc-subset surjective if it is surjective on any collec- 
tion of fc-element subsets. More precisely, for any fc-element subsets Ai, . . . , An C D the set f{Ai, . . . , An) contains 
at least fc elements. The second result of the paper asserts that fc-existential co-clones are exactly the sets of relation 
invariant with respect to a set of fc-subset surjective (partial) functions. Finally, we give a complete description of 
max-co-clones on {0, 1} (Boolean max-co-clones). Surprisingly, any Boolean max-co-clone is also a usual co-clone 
(but not the other way around). We show that in general it is not true. 

2 PRELIMINARIES 

By [n] we denote the set {!,..., n}. For a set D, by D" we denote the set of all n-tuples of elements of D. An n-ary 
relation is any set R C L)". The number n is called the arity of R and denoted ar(i?). Tuples will be denoted in 
boldface, say, a, and their entries will be denoted by a[l], a[n]. For / = C [n] by pr^ a we denote the 

tuple (a[ii], . . . , a[ife]), and we use pr^i? to denote {pija | a G R}. We will also need predicates corresponding to 
relations. To simplify the notation we use the same symbol for a relation and the corresponding predicate, for instance. 
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for an n-ary relation R the corresponding predicate R{xi, . . . , a;„) is given by i?(a[l], . . . , a[n]) = 1 if and only if 
a G i?. Relations and predicates are used interchangeably. 

For a set of relations F over a set D, the set ((F)) includes all relations that can be expressed (as a predicate) 
using (a) relations from F, together with the binary equality relation =£> on D, (b) conjunctions, and (c) existential 
quantification. This set is called the co-clone generated by F. 

Partial co-clone generated by F is obtained in a similar way by disallowing existential quantification. (F) includes 
all relations that can be expressed using (a) relations from F, together with = o, and (b) conjunctions, 

If F = (F) or F = ((F)), the set F is said to be a partial co-clone, and a co-clone, respectively. 

Sometimes there is no need to apply even conjunction to produce a new relation. For instance, Q{x, y) = R{x, y, y) 
defines a binary relation from a ternary one. Therefore it is often convenient, especially for technical purposes, to group 
manipulations with variables of a relation into a separate category. More formally, for a relation R{xi, . . . , Xn) and 
a mapping tt: {xi, . . . , Xn} V, where V is some set of variables, ttR denotes the relation R{Tr{xi), . . . , 7r{xn))- 
We will understand by (partial) co-clones sets of relations closed under manipulation with variables, conjunction, and 
existential quantification (respectively, closed under manipulation with variables and conjunction). 

Co-clones and partial co-clones can often be conveniently and concisely represented through functions and partial 
functions, respectively. 

Let i? be a (fc-ary) relation on a set D, and / : 13" — ^ Z3 an rt-ary function on the same set. Function / preserves R, 
or is a polymorphism of R, if for any n tuples ai, . . . , a„ e R the tuple /(ai, . . . , a„) obtained by component-wise 
application of / also belongs to R. Relation R in this case is said to be invariant with respect to /. The set of all 
functions that preserve every relation from a set of relations F is denoted by Pol(F), the set of all relations invariant 
with respect to a set of functions C is denoted by Inv(C). 

Operators Inv and Pol form a Galois connection between sets of functions and sets of relations. Sets of the form 
Inv(C) are precisely co-clones; on the functional side there is another type of closed sets. 

A set of functions is said to be a clone of functions if it is closed under superpositions and contain all the projection 
functions, that is functions of the form f{xi, . . . , Xn) = Xi. Sets of functions of the form Pol(F) are exactly clones of 
functions lIZTll . 

The study of the #CSP also makes use of another Galois connection, a connection between partial co-clones and 
sets of partial functions . An n-ary partial function / on a set D is just a partial mapping / : 13" D. As in the case 
of total functions, a partial function / preserves relation R, if for any n tuples ai , . . . , a„ G i? the tuple /(ai , . . . , a„) 
obtained by component-wise application of / is either undefined or belongs to R. The set of all partial functions that 
preserve every relation from a set of relations F is denoted by pPol(F). 

The set of all tuples from D" on which / is defined is called the domain of / and denoted by Dom(/). A set of 
functions is said to be down-closed if along with a function / it contains any function /' such that Dom(/') C Dom(/) 
and /'(fli, . . . , a„) — /(ai, . . . , a„) for every tuple (oi, . . . , a„) G Dom(/'). A down-closed set of functions, 
containing all projections and closed under superpositions is called a partial clone. Fleischner and Rosenberg ||20| 
proved that partial clones are exactly the sets of the form pPol(F) for a certain F, and that the partial co-clones are 
precisely the sets Inv(C) for collections C of partial functions. 

3 APPROXIMATE COUNTING AND MAX-IMPLEMENTATION 

Let D be a set, and let F be a finite set of relations over D. An instance of the counting Constraint Satisfaction 
Problem, #:CSP(F), is a pair V = {V, C) where y is a set of variables, and C is a set of constraints. Every constraint 
is a pair (s, R), in which i? is a member of F, and s is a tuple of variables from V of length ar{R) (possibly with 
repetitions). A solution to "P is a mapping (p : V ^ D such that (p{s) G R for every constraint (s, R) G C. The 
objective in #CSP(F) is to find the number of solutions to a given instance P. 

We are interested in the complexity of this problem depending on the set F. The complexity of the exact counting 
problem (when we are required to find the exact number of solutions) is settled in Q by showing that for any finite D 
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and any set T of relations over D the problem is polynomial time solvable or is complete in a natural complexity class 
One of the key steps in that line of research is the following result: For a relation R and a set of relations T over 
D, if R belongs to the co-clone generated by T, then #CSP(r U {R}) is polynomial time reducible to #CSP(r). 
This results emphasizes the importance of co-clones in the study of constraint problems. 

A situation is different when we are concerned about approximating the number of solutions. We will need some 
notation and terminology. Let ^ be a counting problem. An algorithm Alg is said to be an approximation algorithm 
for A with relative error e (which may depend on the size of the input) if it is polynomial time and for any instance V 
of A it outputs a certain number A\g{'P) such that A\g{'P) = if P has no solution and 

|#y^-Aig(y^)| _ 

otherwise, where denotes the exact number of solutions to V. 

The following framework is viewed as one of the most realistic models of efficient computations. A fully polynomial 
approximation scheme (FPAS, for short) for a problem A is an algorithm Alg such that: It takes as input an instance V 
of A and a real number e > 0, the relative error of Alg on the input {V, e) is less than e, and Alg is polynomial time in 
the size of V and log(i). 

To determine the approximation complexity of problems approximation preserving of reductions are used. Suppose 
A and B are two counting problems whose complexity (of approximation) we want to compare. An approximation 
preserving reduction ox AP -reduction from A to S is an algorithm Alg, using B as an oracle, that takes as input a pair 
{V, e) where V is an instance of A and < e < 1, and satisfies the following three conditions: (i) every oracle call 
made by Alg is of the form (T'', 5), where V' is an instance of B, and < (5 < 1 is an error bound such that log ( j-) 
is bounded by a polynomial in the size of V and log (i); (ii) the algorithm Alg meets the specifications for being an 
FPAS for A whenever the oracle meets the specification for being an FPAS for B; and (iii) the running time of Alg is 
polynomial in the size of V and log(-i). If an approximation preserving reduction from ^ to _B exists we denote it by 
A <AP B, and say that A is AP-reducible to B. 

Similar to co-clones and polynomial time reductions, partial co-clones can be shown to be preserved by AP- 
reductions. 

Theorem 1 ((Si) Let R be a relation and T be a set of relations over a finite set such that R belongs to (F). Then 
#CSP(r U {R}) is AP-reducible to #CSP(r). 

This result however has two significant setbacks. First, partial co-clones are not studied to the same extent as 
regular co-clones, and, due to greater diversity, are not believed to be ever studied to a comparable level. Second, it 
does not used the full power of AP-reductions, and therefore leaves significant space for improvements. In the rest of 
this section we try to improve upon the second issue. 

Definition 2 Let T be a set of relations on a set D, and let R be an n-ary relation on D. Let V be an instance 
o/#CSP(r) over the set of variables consisting of V = VJc U Vy, where Vx — {xi,X2, ■ ■ ■ ,Xn} and Vy = 
{yi, y2, - ■ ■ , Uq}- For any assignment of ip : ^ D, let ^(p be the number of assignments ^ : — > D such 
that (fU Tp satisfy V. Let M be the maximum value of^^p among all assignments ofV^. The instance V is said to be 
a max-implementation of R if a tuple tp is in R if and only if^p = M. 

Tlieorem 3 If there is max-implementation of R by T, then #CSP(r U {R}) <ap #CSP(r). 

Proof: Let P = {V = Vx U Vy,C) he a max-implementation of R by F, and let M be the maximal number of 
extensions of assignments of Vx to solutions of V. For any instance Vi = (Vi, Ci) of #CSP(r U {R}) we construct 
an instance = {V2,C2) of #CSP(r) as follows. 

• Choose a sufficiently large integer m (to be determined later). 
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• Let Ci , . . . , Q G Ci be the constraints from Vi involving R, d = {si, R). SstV2 = ViU Ui= i (F/ U . . . U ) , 
where each VJ is a fresh copy of Vy. 

• Let C be the set of constraints of V. Set C2 (Ci - {Ci, . . . , Ce}) U ULi('^i U . . . U C^), where each Cj is 
a copy of C defined as follows. For each (s, Q) e C we include (spQ) into Cj, where s*- is obtained from s 
replacing every variable from Vy with its copy from Vj. 

Now, as is easily seen, every solution of Pi can be extended to a solution of P2 in M^™ ways. Observe that 
sometimes the restriction of a solution tp of V2 to Vi is not a solution of Pi. Indeed, it may happen that although ip 
satisfies every copy Cj of V, its restriction to s* does not belong to R, simply because this restriction does not have 
sufficiently many extensions to solutions of V. However, any assignment to Vi that is not a solution to Vi can be 
extended to a solution of P2 in at most (M — 1)™ • A'/*^^^^''" ways. Hence, 

M^™ • #Pi < #P2 < M^™ • #Pi + |Vi|l^l • (M - 1)™ • m(^-i)'" 

Then we output ^f^- 

Let I Vi I = k and |D| = d. Given a desired relative error e we have to find m such that 

c? log fc — log e 



A straightforward computation shows that any 



m > 



log(M - 1) - logM 

achieves the goal. □ 



Max-implementation can be used as another closure operator on the set of relations. Let R{xi , . . . ,Xn,yi, ■ ■ ■ ,ym) 
be a relation on a set D. By 3i„ax(2/i) • • • ,ym)R{xi, ■ ■ ■ ,Xn,yi_, . ■ ■ ,ym) we denote the relation Q{xi, . . . ,a;„) on 
the same set given by the rule: a e Q if and only if there are M tuples b G D™ such that (a, b) G R, where M is 
the maximal number of elements in the set {b | (a, b) G Q} over all a G -D". A set of relations F over D is said to 
be a max-co-clone if it contains the equality relations, and closed under conjunctions and max-implementations. The 
smallest max-co-clone containing a set of relations F is called the max-co-clone generated by F and denoted (F)max. 

Lemma 4 Let T be a set of relations and R G (r)i„ax- Then there is a max-implementation of R by F. 

Proof: Suppose R G (F)jjjax- We need to show that R can be represented as R{xi, . . . , a;„) = 3max{yii • • • > ym) 
^{xi, . . . , x„, j/i, . . . , ym), where $ is quantifier free. To this end it suffices to prove three equalities: 

1. if i?(a;i, . . . ,x„) = 3max(2/i, • • ■,yrn)^{xi,. . . ,x„,yi, . . .,ym) and TT is a transformation of the set . . . ,a;„} 
then (7ri?)(a;i, . ..,x„) = 3max(yi, • • • , yrn)^{T^{xi), 7r(x„), j/i, . . . , ym); 

2. ifi?(a;i, . . . ,X„) = 3niax(2/l, • • . ,ym.)^l{xi, ■ ■ ■ . . • , ym)A3max(2l, • • .,Zr)^2{Xl, ...,Xn,Zi,.. .,Zr), 
thenR{xi,...,Xn) = 3rm,^{yi, . . . ,ym, Zl, . . . ,Zr){^l{xi, . . . ,Xn,yi, ■ ■ ■ ,ym)^^2{x-l, . . . ,Xn,Zi, . . . ,Zr)y, 

3. if R{xi,...,x„) = 3n,^^{yi, . . . ,ym)3ma.Azi, ■ ■ ■ , Zr)^{xi, . . . ,x„,yi, . . . ,ym, zi, . . . , Zr), then there is a 
quantifier free formula ^ such that R{xi,. . . , a;„) = 3jnax{ui,. ■ . , Us)^{xi, . . . , Xn, mi, . . . , Ug). 

(1) follows straightforwardly from definitions. 

(2) a € R if and only if it has the maximal number of extensions in both $1 and $2- Without loss of generality, 
sets {yi, . . . , ym} and {zi, . . . , Zr} are disjoint. Let a tuple a € R have Mi extensions in $1 and M2 extensions in 
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<I>2. Then it has M1M2 extensions in $1 A $2- On the other hand, let a. ^ R. Let also it have M{ extensions in <I>i and 
A/2 extensions in $2, and either M{ < Mi or A/j < A/2- Since such tuple has A/{ A/2 < M1M2 extensions, it does 
not belong to the relation defined by R{xi, . . . ,x„) = 3max(2/i, . . . , y™, 21, . . . , Zr){^i{xi,. . .,Xn,yi, ■ ■ ■ ,ym) A 
$2(2:1, . . . . . .,Zr)) as well. 

(3) Observe first that /?(xi, . . . , x„) does not necessarily equal 
3max(yi,---,2/m,zi,...,2:^)$(a;i,...,x„,yi,...,?/™,2;i,...,Zr). Indeed, let $' denote the formula 
1 Xm yij • ■ • : Vm) — 3(21, . . . , Zr)$(xi, . . . , x„, j/i, . . . , zi, . . . , z^). Then it is possible that although 
every extension of a tuple a to (a, b) e Q has very few extensions to a tuple from $, and so a ^ /?, the number of 
extensions b is large so that combined a has enough extensions to tuples from $. 

To avoid this we make sure that extensions to tuples from Q cannot make up for extensions to $. Let A/ be the 
maximal number of extensions b of tuple a such that (a, b) G Q, and N the maximal number of extensions c of 
(a, b) G Q to (a, b, c) G $. Let also L be the maximal number of extensions b of a G /?; it is possible that L < M. 
Set 

L N ~\' 



c = max 1, 



logTr/lo; 



A/' " N 



We show that R{xi,...,Xn) = 3max('«i, • ■ • , ■ • • , a^n, "i, • ■ • , Us), where {ui,...,Us} = 

{yi, .■.,ym,zl,...,z^,...,z^,..., z^}, and 

C 

*(xi,...,X„,Ui,...,Ms) = /\ ^{Xi, . . . ,Xn,yi, ■ ■ ■ ,yr,i, Z'l, . . . , Z^). 

s=l 

If a tuple a belongs to R it is extendable in L ways to a tuple from Q, and then every such extended tuple (a, b) is 
extendable in N ways to a tuple from Therefore a has LN^ extensions to a tuple from 4'. On the other hand, if 
a /?, then it can be extended in at most A/ ways to a tuple (a, b) G Q, then this tuple is extendable in at most N —1 
ways to a tuple from $. Thus a.^ R has 

M /TV - 

MiN-iy = LN''-—l^^\ <LN'' 
extensions. □ 



The next natural step would be to find a type of functions and a closure operator on the set of functions that give 
rise to a Galois connection capturing max-co-clones. 

Problem 1 Find a class J- of (partial) functions and a closure operator [■] on this class such that for any set of 
relations T and any set C C T it holds that (r)niax ~ lnv(J^ fl pPol(r)), and [C] ~ J- r\ pPol Inv(C). 

In all the cases previously studied the projection (or quantification) type operators on relations can be reduced to 
quantifying away a single variable. However, max-implementations seem to inherently involve a number of variables, 
rather than a single variable. In the end of this paper we use our description of Boolean max-co-clones to show that 
max-implementations are provably more powerful than max-quantification (see below). In the Boolean case every 
max-quantification is equivalent to either existential quantification, or universal quantification. Sets of relations on 
{0; 1} closed under these two types of quantifications are well known: these are sets of invariant relations of sets of 
surjective functions |4). However, not all of them are max-co-clones. 

Therefore a meaningful relaxation of max-co-clones restricts the use of max-implementation to one auxiliary vari- 
able. Let $ be a formula with free variables xi , . . . , a;„ and y over set D and some predicate symbols. Then oi , . . . , a„ 
satisfy 

. . . ,a;„) = 3]^^^y^{xi,...,Xn,y) 
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if and only if the number of 6 G 13 such that $(ai, . . . , a„ , b) is true is maximal among all tuples (ci, . . . , c„) £ 
The quantifier 3^^^^ will be called max- quantifier. A set of relations F over D is said to be a max-existential co-clone if 
it contains the equality relation, and closed under conjunctions and max-existential quantification. The smallest max- 
existential co-clone containing a set of relations F is called the max-existential co-clone generated by F and denoted 



(r),l 



max' 



Problem 2 Find a class T of (partial) fi^nctions and a closure operator [■] on this class such that for any set of 
relations F and any set of functions C C T it holds that (F)^^^^ = lnv(J^ n pPol(F)), and [C] = J-' Ci pPol Inv(C). 

In the next section we consider certain constructions approximating max-existential co-clones. 



4 K-EXISTENTIAL AND MAX-EXISTENTIAL CO-CLONES 

In order to approach max-quantification we consider counting quantifiers that have been used in model theory to 
increase the power of first order logic [24l [T9l . 

Let $ be a formula with free variables xi, . . . ,Xn and y over set D and some predicate symbols. Then ai, . . . , a„ 
satisfy 

^'(a;i, ...,Xn) = 3ky^{xi, . . . , x„, y) 

if and only if $(ai, . . . ,a„,&) is true for at least k values b & D. The quantifier 3k will be called k-existential 
quantifier. It is easy to see that 1-existential quantifier is just the regular existential quantifier, and the -existential 
quantifier is equivalent to the universal quantifier on set D. 

We now introduce several types of co-clones depending on what kind of fc-existential quantifiers are allowed. A 
set of relations F over set D is said to be a k-existential partial co-clone if it contains the equality relation —o, and 
closed under manipulations with variables, conjunction, and fc-existential quantification. The smallest fc-existential 
partial co-clone containing a set of relations F is called the k-existential partial co-clone generated by F and denoted 
(r)k- In a similar way we can define sets of relations closed under several counting quantifiers. Let X C N. A set of 
relations F over set D is said to be a K-existential partial co-clone if it contains the equality relation =0, and closed 
under manipulations with variables, conjunction, and fc-existential quantification for fc G K. Clearly, if F is a set of 
relations on an m-element set, we may assume K C [to]. If 1 ^ K, set F is closed under existential quantification, 
and so it is called a K-existential co-clone. If, in addition, K = {1, fc}, F is called k-existential co-clone. The set F 
is said to be a counting co-clon^ '\f it is an N-existential partial co-clone, that is, if it contains =d, and closed under 
conjunctions and fc-existential quantification for all fc > 1. The smallest iiT-existential partial co-clone (if -existential 
co-clone, fc-existential co-clone, counting co-clone) containing F are called the K-existential partial co-clone (K- 
existential co-clone, k-existential co-clone, counting co-clone) generated by F and denoted (F)^^ (((F))i<-, {(T))k, 
((F))oo, respectively). 

We observe some simple properties of counting quantifiers. 

Lemma 5 Lef ^(xi, . . . , a;„, t/i, . . . , ym) and'^{xi, . . . ,Xn, zi, . . . , zi) be conjunctive quantifier free formulas. Then 

3siyi ■ • • 3s^ym3tiZi ...3ti, {^{xi, ...,Xn,yi,.. ■,ym) A ...,Xn,Zi,.. . , Zi)) 

= (3siJ/l . . . 3s^ym {^{Xi,. . .,Xn,yi, ■ ■ ■,yrn)) A (Bf^Zi ...3t^ ^{Xl, ...,Xn,Zi,.. .,Zi)), 

for any Si, . . . , Sm,ti, . . . ,ti e N, provided yi, . . . ,ym, zi, . . . , ze ^ {xi, . . . , a;„} and{yi, y,„}n{zi, . . . , z^} = 
0. 

Corollary 6 Let T be a set of relations on a set D, K <Z N, and R{xi, . . . , a;„) G {T)k- Then there is a conjunctive 
quantifier free formula . . . , a;„, yi, . . . , ym) using relations from F and the equality relation such that 

R{xi, . . . , a;„) = . . . 3^^ ^{xi, . . . , x„, yi, . . . , ym)- 

* 'Counting' in this term comes from counting quantifiers and lias notfiing to do witli counting constraint satisfaction. 
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The following observation summarizes some relationship between the constructions introduced. 

Observation 7 For a set of relations T on D, \D\ = m, the following hold. 
- T is a 1 -existential (partial) co-clone if and only if it is a co-clone. 

-T is a (partial) m-existential clone if and only if it is a (partial) co-clone closed under universal quantification. 

-ifT is a counting co-clone then it is a max-existential co-clone. 

-ifT is a max-existential co-clone then it is a partial m-existential co-clone. 

In all other cases the introduced versions of co-clones are incomparable. 

Example 8 Fix a natural number m and let D be a set with ™(™~^) elements. Consider an equivalence relation 
on D with classes Di, . . . , Dm such that \Di\ = i. Then the co-clone generated by i?™ corresponds to one of the 
Rosenberg's maximal clones || 29l , and so the structure of relations from this co-clone is well understood. For any 
n-ary relation Q G {{R„i)) there is a partition /i , . . . , of [n] such that a tuple a belongs to Q if and only if for each 
j e [k] and every i, i' e Ij the entries a[i], a[i'] are i?„j-related. This also means that = ((i?„i)). 

Applying fc-existential and max-existential quantifiers one can easily find the fc-existential, counting, and max- 
existential clones generated by R: 

1. {Rm)k = {{Rm))k is the Set of relations Q: There is a partition Ii, . . . ,It of [ar(Q)] and J C [t] such that a 
tuple a belongs to Q if and only if for each j E [t] and every i, i' G Ij the entries a[z], a[i'] are i?,„-related and 
a[i] G ZJfc U . . . U An for i G , j G J. 

2. {{Rm))oo is the set of relations Q: There is a partition Ii, It of [ar{Q)] and a function (p : [t] [m] such 
that a tuple a belongs to Q if and only if for each j G [t] and every z, i' G Ij the entries , are i?,„-related 
and a[i] G D^f^jj U . . . U Dm for i G Ij, j G J. 

3. (i?m)max = (-Rm)inax the Set of relations Q: There is a partition /i, . . . , /t of [ar((3)] and J C [t] such that a 
tuple a belongs to Q if and only if for each j G [t] and every i, i' G Ij the entries a[z], a[i'] are iJ^-related and 

a[i] G Dm for i £ Ij, j e J. 

A set r such that (r)^. ^ ((r))fc can be easily found among usual weak co-clones. For instance, for any weak 
co-clone F that is not a co-clone we have (r)i 7^ ((r))i. Such a weak co-clone can be found in, say, li22l . 

In the example given we have {Rm)}^,^ = {R,n)m- However, since {Rm-i)m = (-Rm-i), we have (i?m-i)max 7^ 
{Rm-i)m- For an example distinguishing between (r)max and (r)^^^^ see the Conclusion. 

We give a sketchy proof of (1) here, the remaining results are similar. Let Q{xi, . . . , Xn) satisfies the conditions 
in (1) for a partition /i, . . . ,/t of [n] and J C [t]. Without loss of generality assume J = [s], s < t. Choose 
variables yi, . . . , {xi, . . . ,Xn} and consider relation S{xi, . . . ,Xn,yi, . ■ ■ , Us) given by: a G if and only if 
(a[z], a[j]) G Rm for any i, j G le for some £ G [t] and (a[i], a[n + £]) G Rm for any i E Ig where £ E J. Clearly, 
S G (-Rm) = {{Rm))- Now, as it is easy to see, 

Q{xi, . . . ,x„) = BkVi ■ ■ ■ BkVs S{xi, ...,Xn,yi,-- .,ys)- 

In order to show that every relation from {{Rm))k satisfies these conditions, it suffices to prove that the set of 
relations F satisfying them is closed under manipulations with variables, conjunction, existential quantification, and 
/c-existential quantification. The first three operations are easy, since F is a co-clone generated by Rm and unary 
relation!)' = Dk Li . . . Li Dm- Let (3(a;i, . . . , x„) G F and . . . , a;„„i) — 3kXnQixi, . ■ . ,Xn). Let also 

Ii, . . . ,It and J C [t] be the partition and a set from conditions (1). We may assume n G It- Then if t G J then 
S{xi, . . . , Xn-i) — 3x„ Q{xi, . . . , Xn). Otherwise a G 5* if and only if (a) for any i,j £ Ig, £ < t, we have 
(a[i],a[j]) G Rm, (b) for any i,j G If = It — {n}, we have (a[i],a[j']) G Rm, and (c) a[i] G D', whenever 
z G /; U U.e J Is. Therefore S G {{Rm))k. 
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5 GALOIS CORRESPONDENCE 



Let Z) be a finite set. A (partial) function / : D is said to be k-subset surjective if for any fc-element subsets 

Ai, . . . , An C D the image f{Ai, .... An) has cardinality at least k. A (partial) function that is fc-subset surjective 
for each k,l<k< \D\is said to be subset surjective. The set of all arity n fc-subset surjective partial functions [arity 
n fc-subset surjective functions, subset surjective functions] on D will be denoted by p^'^"' [resp., F^'^"\ F^^]; 

furthermore, = Un>o Pd^"^' = Un>o -^d'^"^' = Un>o -^iT^- partial function is 1-subset surjective, 
while |D|-subset surjective partial functions are exactly the surjective partial functions. Observe that this definition 
can be strengthened by allowing the sets Ai, i € [n], to have at least fc elements. 

Lemma 9 If an n-ary function f is k-subset surjective, then for any subsets Ai, . . . , An C D with \ Ai\ > k, i G [n], 
the image f{Ai , . . . , A„) has cardinality at least fc. 

Proof: Choose any Bi C Ai, i g [n], and set B = f{Bi, . . . , Bn). As / is fc-subset surjective, \B\ > fc. Finally, 
B C f{Ai, An), and the result follows. □ 



The conditions of being fc-subset surjective for different fc are in general incomparable, as the following example 
shows. 

Example 10 Let D = {0, . . . , fc — 1} be a fc-element set and 1 < to < fc. Then the following function / is not 
TO-subset surjective, but is i?-subset surjective for any £ g [fc] except £ = m. Function / is binary and given by its 
operation table: 



m 
m 



TO — 3 TO — 3 

TO — 2 TO — 2 
1 
1 



TO — 3 TO — 2 TO 

TO — 2 TO 

TO — 2 TO 

TO — 2 TO — 1 TO 



TO 



1 TO 



1 \ 
1 



1 
1 
1 
1 

1 J 



V 1 ••• m- 

Clearly, / is not TO-subset surjective, because f{B, B) = {0, . . . , to — 2} for i? — {0, . . . , m — 1}. Also, as it is a total 
function, / is 1-subset surjective. Take £ € [fc], i> 1, and -81,-82 C {0, . . . , fc — 1} with \Bi\ = \B2\ = £. If there is 
a G Bi with i>m, then /(a, 61) 7^ /(a, 62) whenever hi ^ 62- This means that |/(-8i, i?2)| > £ vi\ this case, and, in 
particular, / is ^-subset surjective for any £ > m. So, suppose £ < m and -81 C {0, ... , to— 1} If Si C {0, . . . , to— 2} 
then take 6 G S2 fl {0, . . . , to — 2} and observe that /(ai, 6) 7^ f{a2, b) for any ai, 02 S {0, . . . , to — 2}, oi 7^ 02. 
Thus, |/(Bi,{6})| = £. Suppose to, - 1 e Bi. If B2 Q {0,...,to - 2}, then ]/(to - 1,-82)! = assume 
TO — 1 G -82. As is easily seen, .81 n {0, . . . , to — 2} C f{Bi, .82). There is a G {0, . . . , to — 2} such that a ^ Bi 
but a - 1 (mod to - 1) e -81. Then a e f{Bi,B2), since a = /(a - 1, to - 1). Thus, |/(-8i, -82)] > £. 

The notion of invariance for fc-subset surjective functions is the standard one for partial functions and relations. 
As usual, if C is a set of (fc-) subset surjective (partial) functions, Inv(C) denotes the set of relations invariant with 
respect to every function from C. For a set T of relations, m(fc)— Pol(r) and m(fc)— pPol(r) denote the set of all 
fc-subset surjective functions and partial functions, respectively, preserving every relation from F. For a set -fC C N by 
m(-ftr) — Pol(r) and m(-ftr)— pPol(r) we denote the set of all functions and, respectively, partial functions preserving 
every relation from F that are fc-subset surjective for each k G K. Thus, in particular, 

m(ii')-Pol(r) = Pi m(fc)-Pol(r), and m{K)-pPo\{T) = f] m(fc)-pPol(r). 

keK keK 
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By m— Pol(r) we denote the analogous set of subset surjective functions. 

The operator Inv on one side and the operators m(/c) — pPol(r), m(fc) — Pol(r), m{K) — Po\{r), m— pPol(r), 
m— Pol(r) on the other side form Galois correspondences in the standard fashion. We characterize closed sets of 
relations that give rise from this correspondence. 

Lemma 11 Let R{xi, . . . , Xi,y) be a relation on D, and let Q{xi, . . . ,xi) ~ 3kyR{xi, . . . ,xi,y). Then if a k-subset 
surjective (partial) function f preserves R, it also preserves Q. 

Proof: Suppose / is n-ary. Take ai , . . . , a„ G Q. Since each of them is put into Q by fc-existential quantification, 
it has at least k extensions to a tuple from R. Let Bi, . . . , i?„ C _D be such that \Bi\ > k and (a^, 6) e i? for b € Bi 
and i G [n]. Let also b = /(ai, . . . , a„). For any b E B = f{Bi, . . . , Bn) the tuple (b, 6) belongs to R. As / is 
fc-subset surjective, \B\ > k, hence, h E Q. □ 



Theorem 12 Let T be a set of relations on a set D and K CN. Then lnv(m(ii') — pPol(r)) = (r)x- 

Proof: We will assume that K = {fci, . . . , kg} C {1, . . . , \D\}. Indeed, if fc > \D\ then 3kxR is empty for any 
relation on D. The equality relation, is invariant with respect to any partial function on D. Let / be a fe-subset 
surjective functions. It is straightforward to verify that manipulations of variables of a predicate invariant under / and 
the conjunction of any two predicates invariant under / result in predicates invariant under /, again, since it is true 
for any partial function. By Lemma [TT] applying fc-quantification to a predicate invariant under / gives a predicate 
invariant under /, again because it is true for any partial function. Hence, (r)/^- C Inv (m(i4r) — pPol(r)). Moreover, 
it follows that Inv (m(/i )-pPol(r)) = Inv (m(i4:)-pPol((r) k))- 

To establish the reverse inclusion, take an ^-ary relation i? G Inv(m(i4r) — pPol(r)). We need to show that i? e (r)fc- 
Define a relation Q as follows. Let R — {ai, . . . , a^}. For each k K we consider sequences {Bi, . . . , Bt) of k- 
element subsets of D. Let also (Si \ . . . , B^'^), . . . , (5^'''=, . . . , B^''''') be a Hst of all such sequences. Let Sl be the 
relation 

X . . . X X . . . X X ... X ^ 
^ ^ ^ ^ ^ 

k times k times 

and — Sl_^ x . . . x Sl . Then Q is the union of relations given by a.j x , for all j G [t] . We show that there is 
S G (r)fc such that Q Q S and prj^jS* = R. Then applying /c-quantifications, k G K, to all coordinates of S except 
for the first £ we infer that i? G {T)k- 

Set AI = J2keK and Alj = J2i=i f^i'^'ki', by Nk, k £ K, we denote the set {Mj + 1, . . . , Mj+i} . Let us 
consider the relation S = C\{Q' G (r)x | Q ^ Q'}- Since {T)k is closed under conjunctions and contains the total 
relation L>^+*^ we have S G (r)^ and Q C S. 

Now choose any tuple b = {bi, . . . ,bi, di, . . . , dm) £ S. There are sets Ci, . . . , Cm such that \Ci\ = kj, 
i G [M], whenever i G A^^, for any t G [r^], CMj_i+k,(t~i)+i = ■■■ = CM,-i+k^t, G Ci, and for any d'^ G Ci, 
i G [ill], the tuple {bi, . . . ,be,d[, . . . , d'j^j) G S. Indeed, otherwise we can applying a sequence of fc-quantifications 
for k a K \.o obtain an ^-ary relation S" containing R, but not (&i, . . . , bg). Then , (S" x D^^^^) n Q belongs to 
(r)A', but is smaller than Q. Therefore we can choose b such that for any j G [s] and any t G [vj] all the values 
dM,-i+kj{t-i)+i, ■■ ■, dMj-i+kjt are distinct, and {(iAfj_i+fcj(t-i)+i, • • • ^dM^^i+k^t} = CMj^i+kjt- 

Since (r)x is closed under conjunctions, bv the Fleischer and Rosenberg result 11201 it satisfies (r)K — lnv(pPol((r)x)). 
Moreover, by the proof of Theorem 2 of 1201 S is the set of all tuples of the form /(ci, . . . , c„) for n > 1, 
Ci, . . . ,c„ G Q, and / G pPol((r)A'). Therefore there exist n > 1, Ci, . . . ,c„ G Q and / G pPol((r)if) such 
that b = /(ci, . . . , c„). Let prj^jc^ = SLi^. For any selection £'i, . . . , En of fcj-element subsets of D, j G [s], there is 
t G [ruj] such that Eq = sf'* for g G [n]. By the choice of b the range of / on _Ei x . . . x iJ„ = B^f x . . . x i?*^* 
contains CMj^i+kjt- Hence / is fcj-subset surjective for any kj G K, and so / G m(_ftr) — pPol(r), as it is equal 
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to m(iir) — pPol((r)fe). Therefore R is invariant under /, and so (&i, . . . , 6^) G i?. Relation S satisfies the required 
conditions, which completes the proof. □ 



Corollary 13 There is a Galois correspondence between K-existential partial co-clones on one side and partial 
clones generated by K-surjective partial functions on the other side. 

More precisely, for any set T of relations on D, any K C {1,...,|£)|}, and any set C of K-surjective partial 
functions on D, 

• Inv(C) is a K-existential partial co-clone; 

• pPol(r) is a partial co-clone generated by the set m{K) — pPo\{{T) x) of K-surjective partial functions; 

• lnv(m(/s:)-pPol(r)) = (r)if; 

• m(_R') — pPol(lnv(C)) is the set of K-surjective functions from the partial clone generated by C. 
Corollary 14 Let T be a set of relations on a set D. 

(a) lnv(m(/c)-pPol(r)) = (r)^,- 

(b) lnv(m(A;)-Pol(r)) = ((r))^; 

(c) lnv(m-Pol(r)) = ((r))oo; 

6 THE LATTICE OF BOOLEAN MAX-CO-CLONES 

In this section we give a description of all max-co-clones on {0, 1}. We will use the description of usual Boolean 
co-clones from L28il and plain bases of Boolean co-clones found in 1 14|. Recall that plain basis of a co-clone C is a 
set r of relations such that the closure of F with respect to manipulation of variables and conjunction is C. 

To state the results of lfT4l and then to proceed with the proof, we need some definitions and notation. A relation 
R{xi, . . . , Xn) is said to be trivial if it can be specified by giving a set of variables that are equal to (to 1) in every 
tuple from R, and a collection of conditions of the form Xi = Xj . More formally, there are sets Z,W C [n] and an 
equivalence relation ^ on [n] — (Z U W) such that a e i? if and only if a[i] = whenever i £ Z, a[i] = 1 whenever 
i € W, and a[i] = a[j] whenever i ^ j. A relation is called monotone if it is invariant with respect to V, the Boolean 
disjunction operation, or A, the Boolean conjunction operation. Relation R is called self-complement if along with any 
tuple a e i? it also contains its complement, the tuple ^a such that -^a[i] = 1 if and only if a[i] — 0. Finally, relation 
R is called affine if it is the set of solutions to a system of linear equations over GF{2). Addition in GF{2) we denote 
by®. 

For / C [n] we denote by a/ the assignment to xi, . . . , a;„ in which a[i] = 1 if i G / and a[i] = otherwise. We 
will use the following notation: Sq, Si denote the unary constant relations {(0)}, {(1)}, respectively. EQ is the binary 
equality relation {(0, 0), (1, 1)}; while NEQ is the binary disequality relation {(0, 1), (1, 0)}. IMP'^(a;i, . . . , Xfc, y) is 
the Horn (fc+l)-ary relation given by the formula ^xiV. . .V-ix^Vj/, that is, a G i? if and only if (a[l], . . . , a[fc], a[fc+ 
1]) satisfies the formula. By NIMP'^ we denote the anti-Horn relation given by the formula xi V . . . V V -^y. OR'" 
denotes the relation {0, 1}'' - {(0, ... , 0)}, and N AND'' denotes the relation {0, 1}'' - {(1, ... , 1)}. Finally, Comply, ^ 
is the (fc + £)-ary relation {0, 1}'=+^ - {(0, . . . , 0, 1, . . . , 1), (1, . . . , 1, 0, . . . , 0)}, where the first of the two excluded 
tuples contains k zeros and ^ ones, while the second contains k ones and I zeros. 

Fig. [H shows the lattice of Boolean co-clones (borrowed from [14]), and Table [T] lists plain bases of Boolean co- 
clones. Table[T]is also taken from lT4l only with notation changed to match the one used here. 

The next theorem states the main result of this section. 
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Co-clone 


Plain basis 


IBF 




J- ItQ 


li-W) t'O J 






1 1X2 


X i^Wj CO) "1 J 


IM 


{IMP} 


IMn 


/IMP Sn\ 


/Ml 


/IMP Si\ 

1^1 ivi 1 , "-'1 J 


IMi 


/IMP 5n 5A 




{EQ} U {OR^ \ i <k} 


ISn 


/EOT U /OR^ U e Nl 


ISi 


/EOT U /NAND^ 1 ^ < fcl 


ISi 


/EOT U /NAND^ U G NT 




/EO 6n} U /OR^ 1 £ < yfcT 




lEO (5nT U IGR^ 1 ^ e NT 


1 '-'12 


/EO (5i T U /NAND'^ I / < A-T 


I St? 


/EO (5i T U /NAND^ 1 ^ e NT 




/IMPT U /OR'^ \ i < k\ 




/IMPT U /OR^ 1 ^ G NT 


1 Oil 


/IMPT U /NAND^ \ f < k\ 


-I i~J 11 


/IMPT U /NAND*^ 1 ^ F NT 


'-'00 


/IMP f^nT I J /OR^ 1 / < A-T 

^ 1 1 V 1 1 ^ U{j f 1 \_/ 1 \ ^1, \ Ay J 


^ Sqq 


/IMP 5nT U /OR^ 1 f F NT 


Tck 


/IMP /)iTM/MAMn^l/'<j!rT 


J '-'10 


iIMP l-TNAND^ 1 / Nl- 


ID 


/EO NEOT 


1 ±y\ 


/EO NEO f)n (^1 T 


TDn 

1 1^2 


//in /ii OR IMP NANDT 


IL 


ItCl KP • • . KJP thf^ — U rv C veil J 


TLn 


It-i TU — \ k N\ 


TLi 
± 






/ti ffi fflTj, = rlA-FNrP/OlTT 


IL-i 


{xi (B ■ . ■ ® Xk = c \ k even, c G {0, 1}} 


IV 


/imp'" I fc > it 


IVn 


/imp'' I > it U /(5nT 


-I V i 


/OR*" 1 fc G NT U /IMP*" 1 fc > IT 




/OR*" 1 fc G NT U /imp'" I fc > it U /(^nT 

1 vy 1 \ A ^ i N f IIIVII \ rv ^ if 1^ I U f 


IE 


{NIMP'' fc > 1} 

/NAND'^ lfcGNTu/NIMP*'lfc>lT 

1 1 M / \ 1 M 1 / A, ^ -'- ' r ^-""^ |iMllvil I rv -Lf 


1 ±J{) 


1 Lj\ 


/NIMP'^ 1 fc > 1 T 1 1 /f^i T 

I^IMIIVII \ T\j if l--^ I 1 f 




/NAND*^ I fc g NT I I /NIMP'' 1 fc > 1 T 1 1 //ii T 

^illrtlMI-/ ft ^ iN f W 1 IMIIVir A if L,) 


IN 


/Comol, J fc ^ > IT 


IN2 


{Complj.^^ fc,^ G N} 


II 


{xi V . . . V Xfe V -lyi V . . . V -.a;^ 1 fc, £ > 1} 


Ih 


{a;i V . . . V ajfc V -.yi V . . . V -.a;^ 1 fc, ^ > 1} U {^o} 


Ih 


{xi V . . . V Xfc V ^yi V . . . V 1 fc, £ > 1} U {Ji} 


Ih 


{xiV...Va;fcV-.yi V...V-.a;^ 1 fc,€> l}U{(5o,<5i} 



TABLE 1 

Plain bases of Boolean co-clones 
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Max-co-clone 
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ID 


{EQ,NEQ} 


IDi 
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IL 
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ILo 
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ILi 


{a;i © . . . © a;fe = c 1 fc G N, fc = c (mod 2), c G {0, 1}} 


IL2 


{a;i © . . . © a;fe = c 1 A; G N, c G {0, 1}} 


IL3 


{a;i © . . . © ajfe = c 1 A; even, c G {0, 1}} 


IN2 


{Complgo} 


Ih 


{IMP, OR} 



TABLE 2 

Max-bases of Boolean max-co-clones 
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Theorem 15 The lattice of Boolean max-co-clones is shown in Fig^ Some generating sets of these max-co-clones 
are given in Tabled 

The theorem will follow from a sequence of auxiliary statements. In Section 16.11 we show that using the 3max 
quantifier we can define various relations, and that any relation can be defined by any two nontrivial binary relations. 
Then we show. Lemma [T9l that any proper max-co-clone must contain only monotone, or only self-complement, or 
only affine relations. We consider these three cases. In the case of affine relations we show that the max-co-clones of 
such relations are exactly regular co-clones. Lemma ISTI Then we show. Proposition |30] that there is only one max- 
co-clone of self-complement relations, which contains a non-affine relation, IN2- Then we show. Lemmas I23I24I that 
there is only one proper, that is, not II2, the set of all relations, max-co-clone containing IMP, and this max-co-clone 
is IM2. Finally, we consider the four remaining infinite chains of co-clones. In Lemma [25] we introduce a property 
that defines them. Then we show, Lemma|26l and|28], that there are no other max-co-clones containing OR (for NAN D 
a dual result holds). Finally, we show that each of these co-clones is a max-co-clone. 

6.1 Some implementations 

We start with several useful observations. 



Lemma 16 (l)5o,5i E (IMP)max; 

(2) So e (NEQ,<5i) 

max? o)m.axj 

(3) NAND'' e (NAND™)max/orflny k < m; 

(4) OR*^ G {OR™)max/or a«y k < m. 

Proof: (1) As is easily seen, 6o{x) = 3n^^^y\MP{x, y), and Si{x) ^ 3,nax2/ IMP(?;, x). 

(2) The first inclusion follows from 6q{x) = 3max?/(NEQ(a::, y) A 6i{y))\ the second one is similar. 

(3) This claim follows from NAND'""^(xi, . . .,Xm-i) = 3maxa;mNAND™(a;i, . . . 

(4) is similar to (3). □ 



Lemma 17 For any two different relations R,R' e {NEQ, IMP, OR, NAND}, (i?, i?')max = II2, the set of all 
relations on {0, 1}. 

Proof: Observe first that 

OR n NAND = NEQ, 

IMP(a;,y) = 3,nax^(0R(z, y) A NEQ(z, a;)) 

= 3,naxz(NAND(a:,z) ANEQ(z,y)) 

OR{x,y) - 3„,ax2(IMP(z,y)ANEQ(z,a;)) 

= 3„,ax2, i(NAND(z, t) A NEQ(z, x) A NEQ{t, y)) 

NAND(a;,y) = 3n,^^z{mP{x, z) A NEQ{z, x)) 

= 3,„ax^, t{OR{z, t) A NEQ{z, x) A NEQ{t, y)). 

Also in the relation Q{x,y,z,t) ~ OR(x, j/)AlMP(a;, z)AlMP(j/, assignments (0, 1) and (1, 0) to x, ?/ are extendible 
in two ways, while (1, 1) is extendible in only one way. Therefore 

HEQ{x,y) = 3max(^,0(OR(a;,y) A IMP(x,z) A IMP(y,t)), and, similarly, 
NEQ{x,y) = 3^ax(^,t)(NAND(a;,y)AlMP(z,a;)AlMP(i,2/)). 

Thus {NEQ, IMP, OR, NAND} C (i?, i?')„iax, and it suffices to show that (NEQ, IMP, OR, NAND)max = Ih- 
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The rest of the proof is derived from that of Lemma 15 ifTTl . only it does not have to deal with weights. 
Let R{xi, . . . , Xn) be any relation. For each / C [n] with a/ e i? introduce a new variable zj. Consider the 
relation given by 

Q= /\ l/\\MPizi,x,)A/\NAm{zi,x,)\. 

Every assignment a/ e i? can be extended to the variables zj in two ways; with zj = and zj = 1. Any other 
assignment can be extended in only one way. Therefore 

R{xi, . . . , Xn) = 3i„ax(27)/c[ri],a7eflQ) 

which completes the proof. □ 



Lemma 18 Let R be a non-affine relation and a £ {0, 1}. Then {R, NEQ, Sa)niiiK — Il2- 

Proof: By Lemma[T7]it suffices to prove that one of IMP, OR, or NAND belongs to (/, NEQ, 6a)ma-^- Observe 
first that we can always assume that the all-zero tuple a0 G R. Indeed, if for some / C [n] we have a/ G i? then the 
relation 

R'{xi,. . . ,x„) = 3max(2:i)ie/ ^^^(2^1, • ■ • , a;„) A NEQ(zi,Xi)^ 

contains a.^. As R ^ IL2, by Lemma 4.10 of |15|, there are tuples a, b,c G R such that d = a©b©c^i?. 
Observing that e G i? if and only if e © a/ G R', we have that a © a/, b © a/, c © a/ G R', but d © a/ = 
(a © a/) © (b © a/) © (c © a/) ^ R. Hence i?' is not affine as well. Also, if 5 G {0, 1} is such that {0, 1} = {a, b} 
then by Lemma [T6l'2) Sq, Si G (R, NEQ, (5a)max. 

Again we use Lemma 4. 10 of ITSl to find to find tuples a, b, c G i? such that d = a©b©c^i?. Note that a can 
be chosen to be the all-zero tuple a0. After rearranging variables these tuples can be represented as follows 



a 


0. 


.0 


0. 


.0 


0. 


.0 


0. 


.0 


G R 


b 


0. 


.0 


0. 


.0 


1 . 


.1 


1. 


.1 


G R 


c 


0. 


.0 


1. 


.1 


0. 


.0 


1 . 


.1 


G R 


d 


0. 


.0 


1. 


.1 


1 . 


. 1 


0. 


.0 


<^R 




X . 


. X 


y- 


■ y 


z . 


. z 


t. 


A 





Denote by R' the relation obtained from R by identifying variables as shown in the last row of the table. Relation 
R' contains tuples (0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, 1) but does not contain (0, 1, 1, 0), and so does not belong to IL2. 
Replacing R' with 

R"{x, y, z) = Elinaxi(^(i, y, z) A 5o{t)), 

we obtain a relation R" such that (0,0,0), (0, 1,1), (1,0, 1) G R" but (1,1,0) ^ R" . 

We now proceed depending on which of the 4 remaining tuples (a) (1,0,0), (b) (0,1,0), (c) (0,0,1), and (d) 
(1, 1, 1) relation R" contains. If it contains none of (a)-(d) then NAND(a:, y) — 3n-iaxzR"{x, y, z). If it contains (a) 
or (b) but not (d) then NAND is obtained by identifying y and z, or x and z, respectively. If R" contains (c) but not (d) 
then NAN D(a;, y) = 3max2(-R"(a;, y, z) A (5i(z)). If it contains (d) but not (a) then IMP(a;, y) = R"{x,y,y). In the 
case R" contains (a), (d), but does not contain (b) IMP is obtained by identifying x and z. If R" contains (a), (d), and 
(b)OR(x,?/) = 3,„ax^(i?"(a;, y,z) A(5i(z)). Finally, if the relation contains all of (a)-(d) I MP(y, a;) = R"{y,y,x). □ 



Next we show that every max-co-clone is a subset of IL2, IN2, IV2, or IE2. 
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Lemma 19 Let T be a set of relations, which is not affine, monotone, or self- complement. Then (r)niax = Il2- 



Proof: Let R{xi, . . . , x„) G F be a non-self-complement relation. Then after suitable rearrangement of variables 
there is z G {0, . . . , n} such that aj^] e R, while a[„]_[i] ^ i?. If < i < n then identifying variables xi, . . . ,Xi and 
Xi+i, . . . , Xn, we obtain a binary relation B' that contains (1, 0) but does not contain (0, 1). As is easily seen either 
^maxxR' or 3jnsixyR' IS a constant relation. In the case i — Q or i ^ n, identifying all variables of R we obtain a 
constant relation. Thus either (5o e (r)inaxOr(5i G (r)niax- 

Suppose Si G (r),nax- The case Sq G (r)„iax is similar By Lemma 5.30 of 1 15| for any non-affine relation i? G F, 
the set {R, 5i) C {R, (5i)max contains one of the following relations: OR, IMP, NAND. If NAND G {R, 5i)max then 
(5o(a;) — NAND(a::, x), and we can make all the arguments below for 6q and NAND. Therefore we have two cases to 
consider. Suppose first that OR G {R, (5i}max- There is a relation Q G F that is not invariant under the V operation. 
Therefore for some tuple a, b G Q the tuple a V b does not belong to Q. After an appropriate rearrangement of 
variables these tuples can be represented as follows 



0.. 
0.. 



1. 
0. 



0...0 1, 



.X y...y 



,1 1, 



t...t 



G g 
G g 



^g 



Denote by Q' the relation obtained from Q by identifying variables as shown in the last row of the table. Relation Q' 
contains tuples (0, 0, 1, 1), (0, 1, 0, 1) but does not contain (0, 1, 1, 1). Then, relation Q"{x, y, z) = 3,„axi(g'(2;, y, z, t)A 
Si{t) A OR(y, z)) contains tuples (0, 0, 1), (0, 1, 0) but does not contain (0, 1, 1), (0, 0, 0), (1, 0, 0). We have several 
cases depending on the 3 remaining tuples (a) (1, 1, 0), (b) (1, 0, 1), (c) (1, 1, 1). If none of (a)-(c) is in Q" then 
NEQ(x, y) = 3niaxzg"(^, X, y). If Q" contains (a) but not (c) (or (b) but not (c)), then NEQ(a::, y) = Q"{x, x, y) 
(respectively, NEQ(a;,?/) — Q"{x,y,x)). If it contains (c) but does not contain (a) and (b) then \MP{x,y) = 
3max2g"(a;,y, z). If Q" contains both (b) and (c) then IMP(a;,y) = 3miixz{Q" {x,y, z) A Si{z)). Finally if Q" 
contains (a),(c), but not (b), then IMP(a;, y) = 3nia,xz{Q" {y, z, x) A Si{z)). 

In either case (F)max contains a constant relation, either NEQ or IMP, and contains one of OR, IMP. NAND. If 
it contains NEQ, we are done by Lemma [TT] So suppose IMP G (F)inax- Then we also have 6o,di G (F)max- 
Since F is not monotone, as before we can derive relations Si, S2 G (F)max such that (0, 0, 1, 1), (0, 1, 0, 1) G 
Si,S2, but (0,1,1,1) ^ Si, (0,0,0,1) ^ S2. Now it is easy to see that NEQ ^ S'l A S'^, where S[{x,y) = 

3inaxZ3,naxt(S'i(z, X, J/, t) A 5o{z) A 5i[t). □ 



6.2 Affine relations 

Recall that the set of affine relations, that is, (7i-ary) relations that can be represented as the set of solutions to a 
system of linear equations over GF(2) is denoted by /L2. The next lemma follows from basic linear algebra, as sets 
of extensions of tuples are cosets of the same vector subspace. For the sake of completeness we give a proof of this 
lemma. 

Lemma 20 Let R be an (n-ary) affine relation. Then for any I C [n] any two tuples a, b G pr^i? have the same 
number of extensions to tuples from R. 

Proof: Let R be the set of solutions of a system of linear equations A • x = c, where A is a ^ x n-matrix over 
GF{2), X — (xi, . . . ,Xn)^, and c G {0, l}*". Without loss of generality / = [k]. Then A can be represented as 
A = [Ai I A2], where Ai is a ^ x fc-matrix and is a ^ x (n — fc)-matrix; x can be represented as x = (x^, x^)^, 
where x^ = {xi, . . . , Xk), x^ = {xk+i, ■ ■ ■ , Xn)- Fix a G pr[fc]i? and set Ca = c © {Ai ■ a). The set of extensions of 
a is the set of solutions of the system A2 ■ x.^ — Ca. Clearly, the number of solutions this system does not depend on 
a, provided the system is consistent. □ 
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Lemma 21 Let T C IL2. Then T is a max-co-clone if and only if it is a co-clone. 

Proof: Lemma l20l implies that for any (n-ary) relation R ^ IL and any set J = {ii, . . . ,ik} C [n] the max- 
implementation 3,„ax(a;ii , • ■ • , Xi,, ) is equivalent to a sequence of ordinary existential quantifiers 3xi-^ . . . 3xi^ . □ 

6.3 Monotone relations 

Recall that a relation is said to be monotone if it is invariant with respect to A or V. In this section we consider relations 
invariant under V. A proof in the case of relations invariant under A is similar. A monotone relation is called nontrivial 
if it does not belong to IR2 ■ 

Lemma 22 Let R be a nontrivial relation invariant under V. Then either IMP G (i?)max, or OR G (i?)max- In 
particular, if the all-zero tuple belongs to R then IMP G (i?)max- 

Proof: Observe that R is not self-complement, because as it follows from ||28l (see also Fig.[T]i all self complement 
monotone relations are trivial. Also if the all-one tuple does not belong to R, since R is invariant under V, some 
variables of R equal in all tuples from R. Such variables can be quantified away, and the resulting relation is 
nontrivial as R is nontrivial. We may assume the all-one tuple is in R. 

Suppose first that the all-zero tuple belongs to R. Therefore there is a tuple a G i? such that its complement does 
not belong to R. After a suitable rearrangement of variables a = (0, . . . , 0, 1, . . . , 1). Identify variables that take 1 in 
a and also variables that take in a. The resulting relation is IMP. 

Suppose now that the all-zero tuple does not belong to R. Then 5i [x) — R{x, . . . ,x). We also assume that R is 
a nontrivial relation of the minimal arity from (i?)max- Let xi, . . . ,Xnhe the variables R depends on. We introduce 
a partial order on [n] as follows: i <r j iff for any a G i? a[i] = 1 implies a[j] = 1. If xi <r xj for no i,j G [n], 
then for any i G [n] R' = Elniax2^i(^(a;i, ■ ■ ■ , Xn) A Si{xi)) is a trivial relation, none of its projections equal {1}, and 
therefore the all-zero tuple belongs to R'. Hence a^j} G R where a^jj [i] ~ 1 and a^j} [j] — for j ^ i. Since R is 
invariant under V, this implies that R = OR", and OR G (i?)max by Lemma[T6l'4). 

Next, consider the case when Xi </j Xj for some i,j G [n]. This means there are tuples a, b, c G R such that 
a[i] ~ a[j] = (since the projection of R on each variable is {0, 1}), h[i] = 0, h[j] — 1 (due to the minimality of R, 
there must be a tuple b with h[i] ^ b[j]), and c is the all-one tuple, in particular c[i] = c[j] ~ 1. Moreover, as R is 
invariant under V, we may assume that h[i] = 1 whenever a[£] = 1. After rearranging variables these tuples can be 
represented as follows 



a 


0. 


.0 


0. 


.0 


1 . 


.1 


G R 


b 


0. 


.0 


1 . 


. 1 


1 . 


.1 


G R 


c 


1. 


.1 


1 . 


. 1 


1 . 


.1 


G R 




X . 


. X 


y- 


■ y 


z . 


. z 





Denote by R' the relation obtained from R by identifying variables as shown in the last row of the table. Relation 
i?' contains tuples a' = (0, 0, 1), b' = (0, 1, 1), c' = (1, 1, 1). Observe that for no d G i?' we have d[l] = 1 and 
d[2] = 0. Therefore \MP(x,y) = 3mi,^u(R' {x,y,u) A Si{u)). □ 

We first study max-co-clones not containing OR. By Lemma [T6ll) and lfT4l (see also Table [U (IMP)niax = IM2. 

Lemma 23 IM2, IR2, IRq, IRi are max-co-clones. 

Proof: Since IR2, IRq, IRi essentially contain only unary relations, the lemma for these co-clones is straightfor- 
ward. 

For IM2 the result actually follows from Lemma 5 of ifTTl . However, as ifTTl uses a different framework, we give 
a short proof of this result here. Our proof can be derived from the one from IfTTl . Observe first that I M P satisfies the 



17 



property of log-supermodularity. A function / : {0, 1}" — > M is said to be log-supermodular if for any a, b 

/(a)-/(b)</(aVb)./(aAb). 

Here A and V denote componentwise conjunction and disjunction. This definition can be extended to relations if 
they are treated as predicates, that is, functions with values 0, 1. As is easily seen, a relation is log-supermodular if 
and only if it is invariant under A and V. First we show that if F is a set of log-supermodular relations then every 
relation from (F)„iax is log-supermodular. The property of log-supermodularity is obviously preserved by manipu- 
lations with variables and conjunction, because it is equivalent to the existence of certain polymorphisms. Suppose 
R{xi,. . .,x„,yi, . . . ,y,„) is log-supermodular and Q{xi, . . . ,x„) = 3i„ax(yi, ■ • .,ym)R{xi,. . . ,a;„, j/i, . . .,y„i). 
We associate every tuple (a, b) e {0, with the set of ones in this tuple, and therefore can view i? as a func- 

tion on the power set of [n + m]. Take a, a' e {0, 1}" and prove that (5(a) • Q{a') < Q{a V a') • Q(a A a'). Let 
A be the set of tuples of the form (a, b) e {0, 1}"+" and A' the set of tuples of the form (a', b) e {0, 
viewed as subsets of [n + rn]. Also, let R{C) — X](c d)ec -^('-^' ^ — [n + rn] and f{xi, . . . ,Xn) = 
Syi -^(2^1, ■ ■ ■ ,Xn,yi, ■ ■ ■ ,yn)- Denote by AVA' and AAA' the sets A\' A' = {cVc' \ c e A and c' G A'} and 
AaA''={cAc' I c e Aandc' e A'}. Note that /(a V a') = i?(AvA') and/(aAa) = R{AaA'). Since i? is log- 
supermodular, we know that i?(c, d)-i?(c', d') < i?(cVc',dVd')-i?(cAc',dAd')forall (c, d), (c', d') G {0,1}"+™. 
Thus, applying the Ahlswede-Daykin Four- Functions Theorem 11] with a — l3 = 'y = S = R, 

/(a) • /(a') = RiA) ■ R{A') < R{A V A') ■ R{A A A') = /(a V a') ■ /(a A a'). (1) 

Now suppose a, a' £ Q. This means that /(a) = /(a') and this number is the maximal number of extensions of a 
tuple from {0,1}" to tuples from i?. By dD /(aVa'), /(aAa') ^ and either /(a V a') > /(a) or /(aAa') > /(a'). 
However, as /(a) is the maximal number of extensions, strict inequality is impossible, and we get /(a V a') = 
/(a A a') = /(a). Therefore (a V a'), (a A a') G Q, and so Q(a) • Q(a') < g(a V a') • Q(a A a'). 

Thus (/Af2)max Contains only log-supermodular relations. However, as it was observed above, log-supermodularity 
of relations is equivalent to invariance under A and V. Since, IM2 is the class of all relations invariant under this two 
operations, we have (/M2)max = IM2. □ 



Lemma 24 Let R ^ IM2. Then (i?, IMP)max Ih- 

Proof: If R is not invariant under V and A then the result follows by Lemma [19] since I M P is not affine or 
self-complement. Suppose R is invariant with respect V. 

Recall that a relation . . . , a;„) is called 2-decomposable if any tuple a such that (a[i], a[j]) G pr^^ for 

all i, j G [a] belongs to Q. 

Case 1 . i? is not 2-decomposable. 

Let / C [n] be a minimal set such that prji? is not 2-decomposable, clearly, |/| > 3. Let R' = pijR. There is 
a G {0, 1}'^' such that for any i G / a^ G R', where a, denotes the tuple such that aji] ^ a[i] and ai[j] — a[j] for 
i ^ j. Choose ii, 12, ^3 G /, and set / — {ii, «2, ^3} = {*4, • • ■ , *fc} and 

^5 3j^;iax'^i4 • • • ^niax'^ifc (.Ri.'^l 7 • ■ • : -^n) ^ ^a[z4] {'^14 ) A ... A ^afz^] i^^ik )) ' 

As is easily seen, Q is not 2-decomposable, and moreover, pr^j^ 13}*? ^'^^ 2-decomposable. Let Q' = pi^i-^ isyQ- 
There is a G {0,1}'^ such that for any i E I ai ^ Q' , where a; denotes the tuple such that ai\i\ ^ a[i] and 
ai[i] = a[j] for i ^ j. Observe that there are at most one 1 among components of a. Indeed, if, say, a (1,1,0) 
then a = ai V a2 G Q' . Suppose first that a is the all-zero tuple. Then after rearranging variables these tuples can be 
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represented as follows 



ai 


1 








0.. 





0... 





0... 





1... 


1 


0... 





1... 


1 


1... 


1 


1... 


1 


G R 


a2 





1 





0.. 





0... 





1... 


1 


0... 





1... 


1 


0... 





1... 


1 


1... 


1 


e R 


as 








1 


0.. 





1... 


1 


0... 





0... 





1... 


1 


1... 


1 


0... 





1... 


1 


e R 


a 











* 




* 




* 




* 




* 




* 












tR 




X 


y 


z 


tl 




t2 




^3 




t4 























Denote by Q" the relation obtained from Q by identifying variables as shown in the last row of the table. Then set 

S{x, y, z, t, u, v) = 3maxii3maxi8(Q"(a;, y, z, ti,z, y, X, t, u, V, ts) A 6o{ti) A di{ts)). 

Relation 5 contains tuples bi = (1, 0, 0, 1, 1, 0), b2 = (0, 1, 0, 1, 0, 1), ba = (0, 0, 1, 0, 1, 1) but does not contain 
(0, 0, 0, a, &, c) for any a, &, c S {0,1}. Next we set 5' (x, y, z) = 3nia.xt,u,v{S{x,y,z,t,u,v)A6i{t)ASi{u)A 
Si{v)). Since S is invariant under V, it contains bi V b2,b2 V bsjbs V bi, and therefore S' contains tuples 
(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1), but does not contain (0, 0, 0). Let also S"{x, y, z) ^ S'{x, y, z) A S'{z, x, y) A 
S'{y, z, x). As is easily seen S" is either OR^ or {(1, 1, 0), (1, 0, 1), (0, 1, 1), (1, 1, 1)}. In the former case we are 
done, while in the latter case we just observe that OR(x, y) = 3^s.^z{S"{x, y, z) A 6i{z)). 

Now suppose a = (0,0,1). As before we can construct a relation S such that bi = (0,0, 0, 1, 1, 1), b2 = 
(0, 1.1,0.0, l),b3 = (1,0,1,0,1,0) belong to S, but (0,0, l,a,6,c) does not belong to S for any a, 6, c e {0, 1}. 
Since R is invariant under V tuples b2 V bi, bs V bi, b2 V ba V bi also belong to S. Hence (0, 0, 0, 1), (0, 1, 1, 1), 
(1,0, 1,1), (1,1, 1,1) G S'{x,y,z,t) = S{x,y,z,t,t,t), and (0,0,1,1) S'. Therefore 
OR(a;,y) = 3„,a.^z3„,a.^t{S'{x,y,z,t) A5i{z) A6i{t)). 

Case 2. R is 2-decomposable. 

Since (I MP) max contains IM2 and therefore all 2-decomposable relations whose binary projections are either trivial 
relations or I M P, relation R has to have a binary projection which is not one of them. As it and all its projections are 
invariant under V, the only nontrivial binary projections it may have are IM P and OR. Therefore for some [n] 
pr|j ^ji? = OR. There are a, b, c G i? such that a[z] = h[j] = and a[j] = h[i] = c[i] = c[j] = 1, but for no d G i? 
d[i] = d[j] = 0. Note also that c can be replaced with c V a V b. After rearranging variables these tuples can be 
represented as follows 



a 





1 





..0 





..0 
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G R 
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. .0 
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. . 1 
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. . 1 
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1 


. . 1 


e R 


d 










* 




* 












* 


^R 




x 


y 


Zl 


..Zi 


Z2 


..Z2 


Z3 


.■Z3 


Z4 


..Z4 


Z5 


..Z5 





Denote by R' the relation obtained from R by identifying variables as shown in the last row of the table. Then set 

Q{x,y,z) = 3jna,^Zi3jns,^Z5{Q{x,y,Zi,Z,X,y,Z5) A6o{zi) A6i{Z5)). 

Relation Q contains tuples (0, 1, 0), (1, 0, 0), (1, 1, 1), and (1, 1, 0), as it is invariant under V, but does not contain 
(0, 0, a) for any a G {0, 1}. Then OR(a;, y) = 3m^^z{Q{x, y, z) A 5o{z)). □ 

Next we consider max-co-clones containing OR, but not IMP. 

Let R{x\, . . . , Xn) be a relation. If j G [n] are such that a[i] = a[j] for any a G i?, we write i j. Clearly, 
~i{ is an equivalence relation on [n]; its class containing i will be denoted by S'h(z) or SftX^i)- Let also Or denote 
the set of variables Xj such that there is b G i? with b[j] 1. An n-tuple a is said to be ^ ^-conforming if (a) 
a[z] = a[j] whenever i ^r j, and (b) a[i] = whenever i ^ On- When considered ordered with respect to the 
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natural component-wise order (0 < 1), ^/j-conforming tuples form a poset isomorphic to {0, 1}'^'', where kn is the 
number of '-^fl-classes except for the class [n] — Or. In what follows < and < will denote relations on the set of 
^/j-conforming tuples for appropriate R. We say that a relation R{xi, . . . ,Xn) satisfies the filter property if for any 
a G i? any '^^^-conforming tuple a' with a < a' belongs to R. The filter property implies that if R is considered as 
a subset of the ordered set {0, l}'^^, then it is an order filter in this set. In particular, it is completely determined by 
its minimal (with respect to <) elements, or equivalently by the maximal elements not belonging to R. We say that 
R satisfies the r-filter property, if it satisfies the filter property, and every maximal tuple not belonging to R contains 
zeros in at most r classes of from Or. 

Lemma 25 (1) A relation R belongs to IS12 if and only if it satisfies the filter property. 
(2) A relation R belongs to ISI2 if and only if it satisfies the r-filter property. 

Proof: (1) Suppose i?(a;i, a;„) S IS12. Then by Proposition 3 of 1 14| the set EQ, (5o, (^i and OR'", m > 2 is 
a plain basis of IS12, and therefore R can be represented by a conjunctive formula $ containing variables xi, . . . , a;„, 
relations EQ, 60,61, and OR™. Let a G i?, and let b be a ~^fl-conforming tuple such that a < b. We show that it 
belongs to R. Clearly, b satisfies all the 61 relations. Also, it satisfies all the relations, if 6Q{xj) belongs to $ then 
j ^ Or and h[i] — 0. Since b contains only in the positions a does, every relation OR™ is satisfied by b. Finally, 
if EQ{xj^ , Xj2 ) belongs to $, then ji ^ r j2, therefore all the EQ relations remain satisfied by b. 

Suppose now that R{xi, . . . , a;„) satisfies the filter property. Let W, Z C [n] be the sets of variables such that for 
all a G -R a[i] = 1 (respectively, a[i] — 0) for i G W (i € Z). Let also ai, . . . , a^ be the maximal tuples not from 
R. By Zj we denote the set of i G Or such that a^ [i] = 0. Suppose Zj contains elements from rrij classes of ^r. 
We construct a formula $ using variables xi, . . . ,Xn and relations EQ, 60, 61, OR™, and prove that it represents R. 
Formula $ includes 

(1) 6o{xi) for each i G Z and 6i{xi) for each i G W; 

(2) EQ{xi,Xj) for any pair Xi, Xj, i ^r j; 

(3) OR™^ (xij , . . . , Xi^ ) for any a^, j G [£], and any ii, . . . , such that ii, . . . , belong to different ^/^-classes 
from Zj . 

Let the resulting relation be denoted by Q. By what is proved above Q satisfies the filter property. It is straightforward 
that Oq — Or and the maximal tuples not in Q are the same as those of R. Therefore Q — R. 

(2) Suppose first that R satisfies the r-filter property. Then it can be represented by a formula $ as in part (1) and 
for every relation OR™ used m < r. Therefore R G ISl2- 

Let now R{xi, . . . , G IS[2, and therefore can be represented by a formula $ in xi, . . . , a;„, and relations 
EQ, 60,61, and OR™ for m < r. We need to study the structure of maximal tuples from the complement of R. We use 
the notation from part (1). Let a be such a tuple. It is ^fl^-conforming, so, a[i] = for all i £ Z, and a[i] — a[j] for 
any i ^^r j. This means that a satisfies all the 60 and EQ relations in <&. If a violates a relation 61 and there is i ^ W 
such that a[i] = then a is not maximal in the complement of R. Therefore a[i] if and only if i G W, and W 
is a single '^j^-class. Suppose a violates a relation OR"^{xi^ , . . . , Xi^), and let D = S{ii) U . . . U S{im). If there is 
i G Or — D such that a[i] — then the tuple b given by b[j] = 1 if j G S{i) and h[j] — a[j] otherwise does not 
belong to R and a < b, a contradiction. Therefore the set of zeros of any maximal tuple from the complement of R 
spans at most r classes of ^r, as required. □ 

Let r be a max-co-clone of monotone relations. By or(r) we denote the maximal m such that OR™ G (r)max- If 
a maximal number m does not exist we set or(r) = 00. 

Lemma 26 For any set T C IS12 of monotone relations 

(r),„ax = ({OR™ I m < or(r)})„,ax or (r),„ax = ({OR™ I TO < or(r)})„,ax U {60}. 
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Proof: It suffices to show that if F contains a relation R with a maximal tuple that spans k classes of then 
or'' G (r)niax- Let R be such a relation. Applying 3max we may assume that the sets W and Z for R are empty; 
applying identification of variables we may assume that every set S{i) is a singleton. Now let a be a maximal tuple 
that spans k classes of ^ j^, and / the set of positions such that a[i] = if and only if z G /; without loss of generality 
assume / ~ [k]. Since R satisfies the filter property, for any (61, ... , bk) G pr[j,]i? the tuple (61, . . . , 6^, 1, . . . , 1) 
belongs to R. Observe that identifying all the variables of R we make sure that Si G (r)max- Therefore the relation 
given by 

Q{xi,...,Xk) = 3rm,xixk+l, ■ ■ ■ ,Xn)iRixi, . . . ,Xn) A(5i(xfc+i) A ... A(5i(x„)) 

belongs to (r)jjjax- It remains to show that Q = OR^. By the filter property of R for any 61, ... , b^. that are not all 
zeros . . . , 6fc, 1, . . . , 1) G R. Therefore (61, ... , b^) G Q. On the other hand, (0, . . . , 0, 1, . . . , 1) ^ R. 

It remains to show that for any R{xi, . . . , x„) G IS12 such that a[„] ^ R (the all-ones tuple), Sq G (-R)max- By 
the filter property of R if a[„] ^ R there is i G [n] such that a[i] = for all a E R. Let / C [n] be the set of all such 
coordinate positions; without loss of generality we may assume that / = [m]. Since Si G (i?)max, we have 

So{x) = 3max2/(-R(a:, ...,x,y,...,y) A 5i{y)), 

where x is in the first ni positions. □ 



Lemma 27 Every co-clone ISi, IS12, ISl, ISi2for r G {2, 3, . . .} is a max-co-clone. 

Proof: First we show that every ISi2,ISl2 is a max-co-clone. By Lemma [25] it suffices to prove that if every 
relation from F satisfies the filter or r-filter property, then so does every relation from (F)niax- These properties are 
preserved by manipulations with variables and conjunction, because /iS'12, IS12 are co-clones. It remains to show that 
they are also preserved by max-implementation. 

Suppose R{xi, . . . ,Xn,yi, ■ ■ ■ ,y,n) satisfies the filter property and Q{xi,...,Xn) = 3niax(yi, • ■ • , 2/m) 
R{xi, . . . , Xn, j/i, . . . , ym)- Observe that we may assume that for any Xi the set S{xi) does not contain any vari- 
able yj. Indeed, if a[i] = h[j] for any assignment (a, b) that satisfies R, then we can identify these two variables, and 
denote the new variable by Xi. The number of extensions of any assignment to xi, . . . ,Xn does not change, therefore 
the relation Q defined in the same way from the new relation does not change. 

Choose a representation $ of Q that uses OR*^, EQ, Sq.Si. Such a representation exists as the listed relations 
constitute a plain basis for /S'12 by 1 14] (see Table[T]i. Take a G Q and Xi G Oq; let a' be the tuple such that a < a'. It 
suffices to verify that every extension b of a is also extension of a'. Indeed, if this is the case, since a has the maximum 
number of extensions, so does a', and thus a' G Q. Suppose (a, b) G R. Then (a', b) satisfies every relation OR*^ 
from as this tuple contains 1 in every position (a, b) does. It also satisfies every relation EQ, because there is no 
relation of the form EQ(a;^, yj), and a'[i] = a'[j] whenever i j. Finally, Sq and Si are also satisfied, because no 
value is changed in the scopes of the former, and no value is changed to in the scope of the latter. 

Next we prove that the number of '^ij-classes spanned by zeros of maximal tuples from the complement of Q does 
not exceed that of R. More precisely we show that (1) SB.{xi) n {xi, . . . , Xn} ^ SQ{xi) for any i G [n], and (2) for 
every maximal tuple a ^ Q there is b G {0, 1}™ such that (a, b) is a maximal tuple not belonging to R. 

The first claim is obvious, as Q C pr[„]i? and therefore if a[z] = a[j] for any (a, b) G i? then c[i] = c[j] for any 
c G Q. Observe that we may assume that pr^i? = {0, 1} for any j G {n + 1, . . . ,n + m}, since otherwise such a 
variable does not affect the number of extensions of tuples from pr[„] R. For the second claim let a be a maximal tuple 
not belonging to Q. Suppose first that a ^ prj„]i?. Since for any a' G pr^^ji? the tuple (a', 1, . . . , 1) belongs to R, 
the tuple (a, 1, . . . , 1) is a maximal tuple not belonging to R. Next assume a G prj„]i?. Let E{c) denote the set of 
extensions of a tuple c G pr[„j i? to a tuple from R. Due to the filter property of R and the assumption that no set S {xi) 
contains any yj, if c < c' then E{c) C E{c'). As a is a maximal tuple not belonging to Q, the number of extensions 
of any tuple a', a < a', is the same, including the all-one tuple a[„] . However, for any such tuple a', E{a') C i?(a[„] ) 
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and yet \E{a')\ = |ii^(a[„])| implying E{a') = i?(a[„]). Since |-E(a)| < |£'(a')| for any tuple a', a < a', there is b 
such that (a, h) ^ R and (a', b) G i? for any tuple a', a < a'. Choose a maximal b', b < b', with this property. We 
need to show that (a, b') is a maximal tuple not belonging to R. For any b" > b' the tuple (a, b") G R, because, by 
the choice of b', it is a maximal tuple such that (a, b') ^ R. For any a', a < a', the tuple (a', b) belongs to R, and 
therefore (a', b') e i?. 

Next we show that (/5[)max — IS^. Co-clone I SI contains all relations from ISI2 invariant under the constant 
function 1. So, we prove that any relation R G (/<5'i)inax contains the all-one tuple. Relations EQ,(5i, and OR*^ 
satisfy this condition. Manipulations with variables and conjunction preserves this property. It remains to verify that 
3max also preserves this property in IS12. Let R{xi, . . . , a;„, j/i, . . . , ym) G IS12 and (1, . . . , 1, 1, . . . , 1) £ R. Let 
also Q{xi, ...,Xn) = 3i„ax(2/i, • ■ • , ym)R{xi, ...,Xn,yi,---, 2/m)- As before we may assume that for any Xi the 
set S{xi) does not contain any variable yj. Then since -E'(a) C £^(a[„]), where a[„] is the all-one tuple, for any 
a e pr[„]i?, a[„] e Q. □ 

Lemma 28 Let R ^ IS12, then {R, OR)i„ax = Ih- 

Proof: First of all R can be assumed to be closed under V. Indeed, OR is not self-complement, affine, or closed 
under A; so if R is not closed under V the result follows from Lemma [19] We also may assume that every unary 
projection of R contains two elements. Next, observe that we can also assume that for each variable x of R the set 
S{x) contains only one element. Indeed, construct a relation R' by identifying all variables in every set of the form 
S{x). It now suffices to verify that R' ^ IS12 whenever R ^ ISi2- To see this note that R can be obtained from R' 
through adding new variables and imposing equality relations. 

If R contains the all-zero tuple then by Lemmal22]IMP G (-R)max and the result follows from LemmafTT] 
Suppose that the all-zero tuple does not belong to R. We show that either R satisfies the filter property, and therefore 
belongs to IS12, or there is a nontrivial relation Q e (i?)max containing the all-zero tuple. By what is proved above it 
implies the result. 

For a G i? we denote by R^ the relation obtained as follows. Let 0(a) denote the set of coordinate positions in 
which a equals 1 . Then 

RsL = \iax{Xi)ieO{a){R{xi:---,Xn/\ /\ Si{xi)). 

ieO(a) 

If i?a is a nontrivial relation then we are done, since the all-zero tuple belongs to i?a- Therefore assume that every 
relation i?a is trivial. Observe that since a V b G i? for any b G i? and pr[„]_o(a)(^ V b) = P'^[n]-o{a)^' we have 
Ra — pr[„]-o(a)^- Therefore every set of the form S{x) for R^ is 1-element. Hence R^ = {0, in 
particular, for any a G i? and any i ^ 0{a) the tuple b obtained from a by changing a[i] to 1 belongs to R. Thus R 
satisfies the filter property. □ 

Proposition 29 Every max-co-clone of monotone relations containing a nontrivial relation equals one of I Si, IS12, 
IS\, IS\2fori G {2,3,...}, IM2. 

Proof: Bv Lemmas|23]and|27]all these sets are max-co-clones. By Lemma|24]and the observation that (IMP)max = 
IM2, max-co-clone IM2 is the only max-co-clone containing IMP. By Lemma |28] /5i2 is the greatest max-co- 
clone containing OR. Thus it remains to prove that there are no max-co-clones containing OR and different from 
ISi,ISi2, IS{JS\2 for i G {2, 3, . . .}. It follows from Lemma|26] □ 

6.4 Self-complement max-co-clones 

In this section we consider the remaining case of self-complement max-co-clones. 
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Proposition 30 There is only one max-co-clone of self-complement relations that is not a subclone of IL2. It is IN2, 
the clone of all self-complement relations. 

The proposition follows from the following four lemmas. 

Lemma 31 IN2 is a max-co-clone. 

Proof: We need to prove that IN2 is closed under manipulations with variables, conjunction, and max-implementation. 
Since IN2 is a co-clone, it is closed under the first two operations. Let R{xi, . . . , Xn, yi, ■ ■ ■ , Vm) £ -^^2 and 
Q{xi,. . . , Xn) = 3max(2/i, ■ • • , ym)R{xi, . . . , Xn, Ui, ■ ■ ■ , Vm)- Let a S Q and let -.a denote its complement. Then 
for each extension (a, c) G i? of a the tuple (-la, -ic) belongs to R, as R is self-complement, and (-la, -ic) is an ex- 
tension of -la. Therefore -la has the same number of extensions as a, and so -la G Q. Thus, Q is self-complement. □ 

Lemma 32 Let R be a self complement relation that does not belong to IL2 {that is, non-affine), then Compig g G 

(^)max or Comply 2 £ (-R)max- 

Proof: Let R{xi, . . . ,Xn) satisfy the conditions of the lemma. There are two cases. 
Case 1 . R does not contain the all-zero tuple. 

Observe first that in this case (i?)max contains the disequality relation. Indeed, let a G i? and let / C [n] be the set 
of indices such that a[i] = if and only if i G /. Since the all-zero tuple does not belong to i?, / ^ [n]. Without loss 
of generality let / — [rn] . Then it is easy to see that 

R{ x, ■ -J , x^ , y,...,y) 

m times 

is the disequality relation. 

As R ^ IL2, by Lemma 4. 10 of ifTsl there are tuples a, b, c G i? such that d = a©b©c^i?. Rearranging the 
variables these tuples can be represented as shown in the table below. 



a 


0. 


.0 


0. 


.0 


0. 


.0 


0. 


.0 


1 . 


.1 


1 . 


. 1 


1 . 


. 1 


1 . 


. 1 


G R 


b 


0. 


.0 


0. 


.0 


1. 


.1 


1 . 


. 1 


0. 


.0 


0. 


.0 


1 . 


. 1 


1 . 


. 1 


G R 


c 


0. 


.0 


1. 


. 1 


0. 


.0 


1. 


. 1 


0. 


.0 


1. 


. 1 


0. 


.0 


1 . 


. 1 


G R 


d 


0. 


.0 


1 . 


. 1 


1. 


.1 


0. 


.0 


1 . 


.1 


0. 


.0 


0. 


.0 


1 . 


. 1 


^R 




X . 


. X 


y- 


■ y 


z . 


. z 


s . 


. s 


t. 


.t 


u . 


. u 


V . 


. V 


w . 


. w 





Denote by R' the relation obtained from R by identifying variables as shown in the last row of the table, and then set 

Q{x,y,Z,t) = 3„iaxS3inaxU3maxW3maxW(-R'(a:,?;,2,S,i,M, W, W) 

ANEQ(a;,w) A NEQ(i;,w) A NEQ(z,it) A NEQ(i,s)). 
Relation R" contains tuples (0, 0, 0, 1), (0, 0, 1, 0), (0, 1, 0, 0) but does not contain (0, 1, 1, 1), and so does not belong 

to IL2. 

There are 16 cases depending on whether or not tuples (a) (0,0,1,1), (b) (0,1,0,1), (c) (0,1,1,0), and (d) 
(0, 0, 0, 0) belong to R" (remember, this relation is self complement). If none of them belong to R" then Compig 0(3;, y, z) — 

3niax^-R if, 

X, y, z). Suppose first (0, 0, 0, 0) ^ R" . If (a) belongs to R" then Compig g(a;, y, z) = R"{x, x, y, z); if 
(b) is in R" then Compig q{x, y, z) = R"{x, y, x, z); finally, if (c) is in R" then Compig g(a;, y, z) — R"{x, y, z, x). 
Suppose now (d) belongs to R. If (a) is not there then Complj^ 2(^1 ^) — R"{x, x, y, z). If (a) is also in R, then 
Comply 2(2;, y, z) = i?"(x, y, z, z). 

Case 2. The all-zero tuple belongs to R. 
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Again by Lemma 4. 10 of ifTSi there are tuples a, b, c G i? such that d = a0b©c^i?, but a can be chosen to be 
the all-zero tuple. Then after rearranging variables these tuples can be represented as follows 



a 


0. 


.0 


0. 


.0 


0. 


.0 


0. 


.0 


e R 


b 


0. 


.0 


0. 


.0 


1 . 


.1 


1. 


.1 


e R 


c 


0. 


.0 


1. 


.1 


0. 


.0 


1. 


.1 


e R 


d 


0. 


.0 


1. 


.1 


1 . 


.1 


0. 


.0 


^R 




X . 


. X 


y- 


■ y 


z . 


. z 


t. 


.t 





Denote by R' the relation obtained from R by identifying variables as shown in the last row of the table. Relation R' 
contains tuples (0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, 1) but does not contain (0, 1, 1, 0), and so does not belong to IL2- 

There are 16 cases depending on whether or not tuples (a) (0,0,0,1), (b) (0,0,1,0), (c) (0,1,0,0), and (d) 
(1, 0, 0, 0) belong to R'. If none of the tuples belong to R' or all of them belong to R', then Complj i(x, y, z) = 
X, y, z). In the first case it is 1 -quantification, and in the second case it is 2-quantification. If exactly one of 
(a) and (b) belongs to R' then up to permutation of variables Complj^ ^{^i 2/: = R'{x, x, y, z). If exactly one of (a) 
and (d) belongs to R' then up to permutation of variables Complj 3(2;, y, z) — R'{x, y, y, z). Finally, if exactly one of 
(c) and (d) belongs to R' then up to permutation of variables Compl;^ gl^; ^) — R'{x, y, z, z). □ 



Lemma 33 Ifk + £ > 3 then (Compl;j,^^)inax — 1^2- 
Proof: Observe first that 



Compl^.^^(a;i, . . . ,Xk+i) 
Complfe^^(a;i, . . .,Xk+i) 

Complfcn(xi,...,Xfc) 



Also, 



Complfe^^(xi,...,a;fc+f) 

= 3maxyi,---,2/fcComplfc+^o(yi,. 



-■max 

2/Compl^.^^+i(a;i, . . ..Xk+t^y), 
3max2/(Complj.+i^^_;^ (xi , . . . , Xfc, y, Xk+2 , Xk+i) 
ANEQ(?/,Xfc+i)), and 
3max2/Complfc+i (,(xi, . . . ,Xfc, y). 



, ,2/fc,Xfc+i, . . .,Xk+e+i) A NEQ(?/i,xi) A ... A NEQ(yfe, a;^)). 



(2) 



Since NEQ = Complj q, the equalities above imply that if k' - 
Now it suffices to show that Complj^. g G (^o'^^plfe+i 0)1^ 
formula 



i' <k + I then Comply,, e (Comply, £)max- 

X. We start with the relation given by the following 



$(xi, . . . ,X2fc,?/i, . ■ • ,J/(^'=j) = /\ Complfe_^i o(xii,...,Xi^,yj,) 

/={n,...,ifc}C[2fc] 

A f\ NEQ(y,,,y,g. 

/C[2fc],|/|=fe 

Here ji is some enumeration of the /c-element subsets of [2k]. We are interested in assignments of xi, . . . , X2k and 
the number of ways such an assignment can be extended to a satisfying assignment of $. First, observe that the 
only assignments of xi, . . . , X2fe that can not be extended are the all-zero and all-one assignment. Second, since $ is 
symmetric with respect of permutations of {xi, . . . , X2k} in the sense that for any permutation of this set there is a 
permutation of the j/^'s that keeps the formula unchanged, the number of extensions of an assignment of Xi, . . . , X2fe 
depends only on the number of O's in the assignment. We will denote this number by (m), where m is the number 
of zeros. Notice that <I> defines a self-complement relation, therefore, we always assume that the number of zeros is at 
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least k. As is easily seen, if a tuple a has m > k zeros, it can be extended in N^{m) — 2'(2fc)^(m) ways. Indeed, yj 
is uniquely defined by a if / or / is a subset of the set of zeros of a. Otherwise it can take any value independently of 
the values of other variables, except that yjj ^ 

Let Q{xi, . . . , Xk,y) be the relation given by: if xi = . . . = Xk then y can be any, otherwise y — xi. Relation Q 
is an intersection of some relations Comply,, with k' + £' ^ k + 1. Therefore by (|2]i it belongs to (Comply. _(^]^ o)max- 
Set 

$'(a;i,...,X2fe,?/i,...,y(^fc^p = /\ Q{xi^, . . . ,Xi^,yjj), 

I={n,.-ik}C[2k] 

and consider = $ A where $, have the same variables Xi, but the sets of the auxiliary variables yi are disjoint. 
Observe that Nq,{m) — N^{m) ■ N^'{m). Similarly to <1>, iV$'(r7i) = , provided m > k. Indeed, variable yj^ 
can be assigned any value if a;^ = for all i e /; otherwise yjj can take only one value. Therefore for any m ^ 

iVvt(m) 2^(2'i»)-(™) • 2(™) = 2K2I) 

andiV*(0) = 0. Thus Compljfc^o = 3max(2/i, ■ • . 

It now remains to apply Proposition 3 of [il4j| that claims, in particular, that the relation Comply. ^ constitute a plain 
basis of /iV2- □ 



7 CONCLUSION 

The results of the previous section can be used to reprove some complexity results, namely, that of ifTSl . If for 
counting problems A and B there are approximation preserving reductions from A to B, and from B to A, we denote 
it by A ~AP B. The problem #CSP(IMP) plays a special role in this result. This problem can also be interpreted 
as the problem of counting the number of independent sets in a bipartite graph, ^BIS, or as the problem of counting 
antichains in a partially ordered set ifTTl . The problem of counting the number of satisfying assignments to a CNF, 
^SAT, is predictably the most difficult problem among counting CSPs. 

Theorem 34 Let T be a set of relations over {0, 1}. If every relation in F is ajfine then ^CSPiT) is in solvable in 
polynomial time. Otherwise if every relation in F is in IM2 then ^CSP{T) =ap H^BIS. Otherwise SP{T) =ap 
#SAT. 

Proof: The #CSP over affine relations can be solved exactly in polynomial time, as it is proved in 115]. If F 
contains OR or NAND, the problem #CSP(F) is inteiTeducible with if SAT by Theorem 3 of [17| (observe that the 
problem #IS of counting the number of independent sets in a graph can be represented as #CSP(NAND)). By The- 
orems |3] and [15] this leaves only two max-co-clones to consider, IM2 and IN2. Since IM2 is generated by IMP and 
by Lemma I22I for any F C IM2 the problem #CSP(F) is either polynomial time solvable, or is interreducible with 
i^BIS. The remaining max-co-clone, is generated by Com pig q that contains all tuples such that not all their en- 
tries are equal; this is why it is sometimes called the Not- All-Equal relation, or NAE. Therefore for any F C IN2 such 
that F % IL3 the problem #CSP(F) is interreducible with #CSP(NAE). By [30] the decision problem CSP(NAE) 
is NP-complete. Therefore by Theorem 1 of 1 17| #CSP(NAE) is interreducible with #SAT. □ 

Observe also that some co-clones are not max-co-clones, even those co-clones are generated (or 'determined') by 
surjective functions. For instance, ISqo or ISqi. Since on a 2-element set every quantification with 3^,^^^^ is equivalent 
to either existential, or universal quantification, and therefore (F)^^^^^ can be any set of relations of the form Inv(C) 
for a set of surjective functions C, we obtain the following 

Corollary 35 There is a set F of relations on {0, 1} such that (F)max 7^ (r}max- 
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FIGURE 1 

The lattice of Boolean co-clones 



27 



FIGURE 2 

The lattice of Boolean max-co-clones 
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